ABSTRACT. This paper gives a complete classification of the possible ergodic decompositions for certain open families of volume-preserving partially hyperbolic diffeomorphisms. These families include systems with compact center leaves and perturbations of Anosov flows under the condition that the unstable and center bundles are onedimensional. The paper further shows that the non-open accessibility classes form a C 1 lamination and gives results about the accessibility classes of non-volume-preserving systems.
Invariant measures are important objects in the study of dynamical systems. Often, these measures are ergodic, allowing a single orbit to express the global behaviour of the system. However, this is not always the case. For instance, a Hamiltonian system always possesses a smooth invariant measure, but a generic smooth Hamiltonian yields level sets on which the dynamics are not ergodic [MM74] . Any invariant measure may be expressed as a linear combination of ergodic measures and while such a decomposition always exists, it is not, in general, tractable to find it. For partially hyperbolic systems, however, there is a natural candidate for the ergodic decomposition given by the accessibility classes of the system. This paper analyzes certain families of partially hyperbolic systems, characterizing the possible accessibility classes and showing that these coincide with the ergodic components of any smooth invariant measure.
By the classical work of Hopf, the geodesic flow on a surface of negative curvature is ergodic [Hop39] . Further, by the work Anosov and Sinai, the flow is stably ergodic in that all nearby flows are also ergodic [Ano67, AS67] . Based on these techniques, Grayson, Pugh, and Shub showed that the time-one map of this geodesic flow is also stably ergodic as a diffeomorphism [GPS94] . To prove this, they observed two important properties. The first property is partial hyperbolicity. A diffeomorphism f is partially hyperbolic if there is an invariant splitting of the tangent bundle of the phase space M into three subbundles
such that vectors in the unstable bundle E u are expanded by the derivative T f , vectors in the stable bundle E s are contracted, and these dominate any expansion and contraction of vectors in the center bundle E c . (Appendix A gives a precise definition.) The second property is accessibility. For a point x ∈ M, the accessibility class AC (x) is the set of all points that can be reached from x by a concatenation of paths, each tangent to either E s or E u . A system is called accessible if its phase space consists of a single accessibility class. For the geodesic flow, the phase space M is the unit tangent bundle of the surface, E c is the direction of the flow, and E s and E u are given by the horocycles. Grayson, Pugh, and Shub demonstrated that any diffeomorphism near the time-one map of the flow is both partially hyperbolic and accessible and used this to prove its ergodicity. This 1 breakthrough was followed by a number of papers demonstrating stable ergodicity for specific cases of partially hyperbolic systems (see the surveys [HHU07, Wil10] ) and lead Pugh and Shub to formulate the following conjecture [PS00] .
Conjecture 1. Ergodicity holds on an open and dense set of volume-preserving partially hyperbolic diffeomorphisms.
They further split this into two subconjectures.
Conjecture 2. Accessibility implies ergodicity.

Conjecture 3. Accessibility holds on an open and dense set of partially hyperbolic diffeomorphisms (volume-preserving or not).
The Pugh-Shub conjectures have been established in a number of settings. In particular, they are true when the center bundle E c is one-dimensional [HHU08a] . However, there are a number of partially hyperbolic systems which arise naturally and which are not ergodic, leading to the following questions.
Is it possible to give an exact description of the set of non-ergodic partially hyperbolic diffeomorphisms?
For a non-ergodic partially hyperbolic diffeomorphism, do the ergodic components coincide with the accessibility classes of the system? This paper answers these questions in the affirmative under certain assumptions on the system. We first give one example as motivation before introducing more general results. Consider the diffeomorphism f of the 3-torus T 3 = R 3 /Z 3 defined by f (x, y, z) = (2x + y, x + y, z).
It is linear with eigenvalues λ < 1 < λ −1 and is therefore partially hyperbolic. Arguably, it is the simplest partially hyperbolic example one can find. It preserves Lebesgue measure but is not ergodic. Further, it is not too difficult to find ways to construct nearby diffeomorphisms which are also non-ergodic. With a bit of thought, the following three methods come to mind.
(1) Rotate f slightly along the center direction, yielding a diffeomorphism (x, y, z) → (2x + y, x + y, z + θ)
for some small rational θ ∈ R/Z. (2) Perturb f on a subset of the form T 2 × X where X S 1 .
(3) Conjugate f with a diffeomorphism close to the identity.
The results of this paper imply that every non-ergodic diffeomorphism in a neighbourhood of f can be constructed by applying these three steps in this order.
STATEMENT OF RESULTS
Suppose A and B are automorphisms of a compact nilmanifold N such that A is hyperbolic and AB = B A. Then, A and B define a diffeomorphism Call f AB an AB-prototype.
Note that every AB-prototype is an example of a volume-preserving, partially hyperbolic, non-ergodic system. Further, just like the linear example on T 3 given above, every AB-prototype may be perturbed to produce nearby diffeomorphisms which are also non-ergodic.
To consider such perturbations, we use the notion of leaf conjugacy as introduced in [HPS77] . Two partially hyperbolic diffeomorphisms f and g are leaf conjugate if there are invariant foliations W Skew products with trivial bundles correspond to AB-systems where B is the identity map. The suspensions of Anosov diffeomorphisms correspond to the case A = B. These are not the only cases, however. For instance, one could take hyperbolic automorphisms A, B : T 3 → T 3 defined by the commuting matrices Throughout this paper, A and B will always refer to the maps associated to the ABsystem under study, and N and M B will be the manifolds in the definition. In general, if f : M → M is an AB-system, M need only be homeomorphic to M B , not diffeomorphic [FJ78, FG12] .
We show that every conservative AB-system belongs to one of three cases, each with distinct dynamical and ergodic properties.
Theorem 1.2. Suppose f : M → M is a C
2 AB-system which preserves a smooth volume form. Then, one of the following occurs.
(1) f is accessible and stably ergodic. • for every t ∈ S 1 \U , p −1 (t ) is an f n -invariant submanifold tangent to E u ⊕ E s and homeomorphic to N .
Note that the first case can be thought of as a degenerate form of the third case with U = S 1 . Similarly, the second case with rational rotation corresponds to U = ∅.
To give the ergodic decomposition of these systems, we decompose the measure and show that each of the resulting measures is ergodic. Suppose µ is a smooth measure on a manifold M and p : M → S 1 is continuous and surjective such that p * µ = m where m is Lebesgue measure on S 1 = R/Z. The Rokhlin disintegration theorem [Rok52] implies that µ can be written as
where the support of each µ t is contained in p −1 (t 
dm(t ).
Note that µ I is the normalized restriction of µ to p −1 (I ) . Then an open subset U ⊂ S If f is in case (3) of (1.2), then the n, p, and U can be taken to be the same in both theorems. If f is in case (2) and non-ergodic, then θ is rational, and the map p can be defined by composing the topological conjugacy from M to M B with a projection from M B to S 1 .
As f preserves µ and p * µ = m, it follows that p( f (x)) = p(x) + q for some rational q ∈ S 1 and all x with p(x) ∉ U . Because of this, one can derive the ergodic decomposition of ( f , µ) from (1.4). Each component is either of the form
In (1.4), the ergodic components of ( f n , µ) are mixing and, in fact, have the Kolmogorov property [BW10] . The ergodic components of f are mixing if and only if (1.4) holds with n = 1. Using the perturbation techniques of [HHU08a] , for any AB-prototype f AB , rational number θ = k n , and open subset U S 1 which satisfies U + θ = U , one can construct an example of a volume-preserving AB-system which satisfies (1.4) with the same n and U . In this sense, the classification given by (1.2) and (1.4) may be thought of as complete. Versions of these theorems for infra-AB-systems are given in Section 13.
Accessibility also has applications beyond the conservative setting. For instance, Brin showed that accessibility and a non-wandering condition imply that the system is (topologically) transitive [Bri75] . Therefore, we state a version of (1.2) which assumes only this non-wandering condition. For a homeomorphism f : M → M, a wandering domain is a non-empty open subset U such that U ∩ f n (U ) is empty for all n ≥ 1. Let NW ( f ) be the non-wandering set, the set of all points x ∈ M which do not lie in a wandering domain. 
and the boundary of V is a compact us-leaf, or (3) there are no compact us-leaves in p −1 (I ), uncountably many non-compact usleaves in p −1 (I ), and λ = 1 such that g is semiconjugate to
It is relatively easy to construct examples in the first two cases above. Section 15 gives an example of the third case. It is based on the discovery by F. Rodriguez Hertz, J. Rodriguez Hertz, and R. Ures of a non-dynamically coherent system on the 3-torus [HHU14] . Theorem (1.7) corresponds to a rational rotation on an f -invariant circle. The following two theorems correspond to irrational rotation. 
• if t ∈ NW (r ) then p −1 (t ) is a compact us-leaf and f (p −1 (t )) = p −1 (r (t )), and 
for θ defining an irrational rotation.
One can construct C 1 examples of AB-systems satisfying the conditions of (1.8) and The existence of a C 0 lamination was shown in [HHU08a] .
The next sections discuss how this work relates to other results in partially hyperbolic theory, first for three-dimensional systems in Section 2 and for higher dimensions in Section 3. Section 4 gives an outline of the proof and of the organization of the rest of the paper. The appendix gives precise definitions for many of the terms used in these next few sections.
DIMENSION THREE
The study of partially hyperbolic systems has had its greatest success in dimension three, where dim In fact, the theorem may be stated in a much stronger form. See [HHU11] for details. Work on proving the classification in (2.1) has seen some success in recent years, at least for 3-manifolds with "small" fundamental group. This was made possible by the breakthrough results of Brin, Burago, and Ivanov to rule out partially hyperbolic diffeomorphisms on the 3-sphere and prove dynamical coherence on the 3-torus [BI08, BBI09] . Building on this work, the author and R. Potrie gave a classification up to leaf conjugacy of all partially hyperbolic systems on 3-manifolds with solvable fundamental group. Using the terminology of the current paper, the conservative version of this classification can be stated as follows.
Theorem 2.4 ([HP13]). A conservative partially hyperbolic diffeomorphism on a 3-manifold with solvable fundamental group is (up to finite iterates and finite covers) either
(a) an AB-system, (b) a skew-product with a non-trivial fiber bundle, or (c) a system leaf conjugate to an Anosov diffeomorphism.
Further, the ergodic properties of each of these three cases have been examined in detail. Case (a) is the subject of the current paper. Case (b) was studied in [HHU08b] , where it was first shown that there are manifolds on which all partially hyperbolic systems are accessible and ergodic. Case (c) was studied in [HU14] , which showed that if such a system is not ergodic then it is topologically conjugate to an Anosov diffeomorphism (not just leaf conjugate). It is an open question if such a non-ergodic system can occur. All of these results can be synthesized into the following statement, similar in form to (1.2). If (2.2) is true, then this theorem encapsulates every possible ergodic decomposition for a 3-dimensional partially hyperbolic system. Question 2.6. Is the condition "with solvable fundamental group" necessary in (2.5)?
HIGHER DIMENSIONS
We next consider the case of skew products in higher dimension. In related work, K. Burns and A. Wilkinson studied stable ergodicity of rotation extensions and of more general group extensions over Anosov diffeomorphisms [BW99] , and M. Field, I. Melbourne, V. Niţicȃ, and A. Török have analyzed group extensions over Axiom A systems, proving results on transitivity, ergodicity, and rates of mixing [FMT05, FMT07, MNT12] .
In this paper, we use the following definition taken from [Gog11] . Let π : M → X define a fiber bundle on a compact manifold M over a topological manifold X . If a partially hyperbolic diffeomorphism f : M → M is such that the center direction E c f is tangent to the fibers of the bundle and there is a homeomorphism A : X → X satisfying π f = Aπ, then f is a partially hyperbolic skew product. We call A the base map of the skew product. While f must be C 1 , π in general will only be continuous.
This definition has the benefit that it is open: any C 1 -small perturbation of a partially hyperbolic skew product is again a partially hyperbolic skew product. This can be proven using the results in [HPS77] and the fact that the base map is expansive. The base map also has the property that it is topologically Anosov [AH94] . Positive answers to both (3.1) and (3.5) would give a positive answer to (3.8).
In his study of hyperbolic flows, Anosov established a dichotomy, now known as the "Anosov alternative" which states that every transitive Anosov flow is either topologically mixing or the suspension of an Anosov diffeomorphism with constant roof function [Ano67] . Ergodic variants of the Anosov alternative have also been studied and the following holds. Thus, if the conjecture about Anosov diffeomorphisms is true, then the results given in Section 13 will classify the ergodic properties of diffeomorphisms which are perturbations of time-one maps of Anosov flows. This conjecture is true when the Anosov diffeomorphism has a one dimensional stable or unstable bundle [New70] . 
OUTLINE
Most of the remaining sections focus on proving the results listed in Section 1 and we present here an outline of the main ideas.
A partially hyperbolic system has global product structure if it is dynamically coherent and, after lifting the foliations to the universal coverM , the following hold for all x, y ∈M : Now assume f is a non-accessible AB-system. There is a lamination consisting of usleaves [HHU08a] , and this lamination lifts to the universal cover. Global product structure implies that for a center leaf L on the cover, every leaf of the lifted us-lamination intersects L exactly once. Each deck transformation maps the lamination to itself and this leads to an action of the fundamental group on a closed subset of L as depicted in Figure 1 .
In Section 5, we consider an order-preserving action of a nilpotent group G on a closed subset Γ ⊂ R. We also assume there is f acting on Γ such that f G f −1 = G. Then, f and G generate a solvable group. Solvable groups acting on the line were studied by Plante [Pla83] . By adapting his results, we prove (5.5) which (omitting some details for now) states that either Fix(G) is non-empty or, up to a common semiconjugacy from Γ to R, each g ∈ G gives a translation x → x + τ(g ) and f gives a scaling x → λx.
Instead of applying this result immediately to AB-systems, Section 6 introduces the notion of an "AI-system" which can be thought of as the lift of an AB-system to a covering space homeomorphic to N × R where, as always, N is a nilmanifold. Using (5.5), Section 6 gives a classification result, (6.1), for the accessibility classes of AI-systems. Section 7 applies the results for AI-systems to give results about AB-systems and gives a proof of (1.6). The higher dimensional dynamics of the AB-system depend on the onedimensional dynamics on an invariant circle. Sections 8 and 9 consider the cases of rational and irrational rotation respectively and prove theorems (1.7)-(1.9).
Section 10 gives the proofs of (1.2), (1.4), and (1.5) based on the other results. In order to establish the ergodic decomposition, the lamination of us-leaves must be C 1 . By (1.10), this holds if the diffeomorphism is C 2 . The proof requires a highly technical application of Whitney's extension theorem and is given in Section 11. The specific version of this regularity result for AB-systems can be stated as follows.
1 and U ⊂ S 1 such that the compact us-leaves of f are exactly the sets p −1 (t ) for t ∈ S 1 \U .
If S is a center leaf which intersects each compact us-leaf exactly once, then p may be defined so that its restriction to S is a C
1 -diffeomorphism. If µ is a probability measure given by a C 1 volume form on M, then p may be chosen so that p * µ is Lebesgue measure on S 1 = R/Z.
Section 12 proves (3.3) concerning the triviality of non-accessible skew products. Infra-AB-systems are treated in Section 13.
FIGURE 1. After lifting to the universal cover, an AB-system has a center leaf L invariant under the lifted dynamics f . Each deck transfor-
. These functions together with f define a solvable action on a closed subset of L and this action is semiconjugate to an affine action on R.
ACTIONS ON SUBSETS OF THE LINE
Notation. To avoid excessive parentheses, if f and g are composable functions, we simply write f g for the composition. In this section, µ is a measure on the real line and µ[x, y) denotes the measure of the half-open interval [x, y).
Let Homeo + (R) denote the group of orientation-preserving homeomorphisms of the line. If Γ is a non-empty closed subset of R, let Homeo + (Γ) denote the group of all homeomorphisms of Γ which are restrictions of elements of Homeo + (R). That is, g is in
We now adapt results of Plante to this setting.
Proposition 5.1. Suppose Γ is a non-empty closed subset of R and G is a subgroup of
Homeo + (Γ) with non-exponential growth. Then, there is a measure µ on R such that
) for all g ∈ G and Borel sets X ⊂ R, and
Proof. In the case Γ = R, this is a restatement of (1.3) in [Pla83] . One can check that the techniques in [Pla83] and [Pla75] extend immediately to the case Γ = R.
Proposition 5.2. Let Γ, G, and µ be as in (5.1) and suppose Fix(G) is empty. Then there is a non-zero homomorphism
Proof. Choose any x ∈ R and define τ as above. One can then show that τ is a non-zero homomorphism and independent of the choice of x. See (5.3) of [Pla75] for details.
Moreover, if λ = 1, then f * µ = λµ and any homeomorphism of R which commutes with f has a fixed point.
Proof. The first half of the statement follows as an adaptation of §4 of [Pla83] . Further, if λ = 1, then f * µ = λµ by (4.2) of [Pla83] . To prove the final claim, we first show that if λ = 1 then f has a fixed point. Consider x ∈ Γ. As Fix(G) is empty by assumption, there is g ∈ G such that x < g (x). Then,
Assume, without loss of generality, that λ < 1 and x < f (x) for some x ∈ R. Then,
We now consider the case where G is a fundamental group of a nilmanifold.
Proposition 5.4. Let G be a torsion-free, finitely-generated, nilpotent group and suppose
Proof. First, we show that the function ψ :
and ψ is an invertible linear map, and hence bijective. Suppose now that G is non-abelian and let Z be its grouptheoretic center. Pick some element g 0 ∈ G. As G/Z is of smaller nilpotency class, by induction there is
As h was arbitrary, this shows ψ is onto. To prove injectivity, suppose
If H is a φ-invariant subgroup, then ψ(H ) = H and the bijectivity of ψ implies that ψ(g H ) = H for any non-trivial coset.
The results of J. Franks and A. Manning [Fra70, Fra69, Man74] show that for any Anosov diffeomorphism on a nilmanifold, the resulting automorphism on the fundamental group satisfies the hypotheses of (5.4).
Lemma 5.5. Suppose Γ ⊂ R, G < Homeo + (Γ), and f ∈ Homeo + (R) are such that
• Γ is closed and non-empty, • G is finitely generated and nilpotent,
is a group automorphism with no non-trivial fixed points, and
Moreover, any homeomorphism which commutes with f has a fixed point in P −1 (0).
Proof. The conditions on G imply that it has non-exponential growth [Gro81] . Therefore, we are in the setting of the previous propositions. In particular, there are µ, τ, and λ, as above. First, suppose that the image τ(G) is a cyclic subgroup of R in order to derive a contradiction. In this case, the condition τF = λτ in (5.3) implies that λτ(G) = τ(G) and therefore λ = 1. Then, F maps a coset of ker τ to itself. As Homeo + (Γ) is torsion free, so is G, and by (5.4), F has a non-trivial fixed point, in contradiction to the hypotheses of the lemma being proved. Therefore, τ(G) is non-cyclic. Consequently, τ(G) is a dense subgroup of R. Further λ = 1, as otherwise, one could derive a contradiction exactly as above. By (5.3), f has at least one fixed point, say x 0 ∈ R. Define a function P : R → R by
By definition, P is (non-strictly) increasing. The density of τ(G) implies that P (R) is dense. Then, as a monotonic function without jumps, P is continuous and therefore surjective. For each t ∈ R, the pre-image P −1 (t ) is either a point or a closed interval,
In either case, one can verify that g (P −1 (t )) = P −1 (t ) for all g ∈ ker τ and therefore the boundary of P −1 (t ) is in Γ 0 . The other properties of P listed in the lemma are easily verified.
The statement for homeomorphisms commuting with f follows by adapting the proof of (5.3).
AI-SYSTEMS
We now consider partially hyperbolic systems on non-compact manifolds. Suppose M is compact and f : M → M is partially hyperbolic. Then, any lift of f to a covering space of M is also considered to be partially hyperbolic. Also, any restriction of a partially hyperbolic diffeomorphism to an open invariant subset is still considered to be partially hyperbolic.
Let A be a hyperbolic automorphism of the compact nilmanifold N and I ⊂ R an open interval. The AI-prototype is defined as
A partially hyperbolic diffeomorphism f on a (non-compact) manifoldM is an AI-system if it has global product structure, preserves the orientation of its center direction, and is leaf conjugate to f AI .
Theorem 6.1. Suppose f :M →M is an AI-system with no invariant compact us-leaves. Then, either
and the boundary of V is a compact us-leaf, or (3) there are no compact us-leaves inM, uncountably many non-compact us-leaves inM and there is λ = 1 such that f is semiconjugate to
Notation. For a point x on a manifold supporting a partially hyperbolic system, let W s (x) be the stable manifold through x, and W u (x) the unstable manifold. Then AC (x), the accessibility class of x, is the smallest set containing x which satisfies
for all y ∈ AC (X ). For an arbitrary subset X of the manifold, define
Note that AC (X ) may or may not be a single accessibility class.
Proposition 6.2 ([HHU08a]). Suppose f is a partially hyperbolic system with one-dimensional center on a (not necessarily compact) manifold M. For x ∈ M, the following are equivalent:
• AC (x) is not open.
• AC (x) has empty interior.
If L is a curve through x tangent to the center direction, then the following are also equivalent to the above:
If f is non-accessible, the set of non-open accessibility classes form a lamination.
Assumption 6.3. For the remainder of the section, assume f
A "bracket" of points defined by global product structure.
The proof of (6.5) shows that if t ∈ Λ, then t v = t .
All of the analysis of this section will be on the universal cover. LetM andÑ be the universal covers of M and N . Then, f and the leaf conjugacy h lift to functions f :M →M , and h :M →Ñ × I still denoted by the same letters. Every lifted center leaf of the lifted f is of the form h −1 (v × I ) for some v ∈Ñ . In general, the choice of the lifts of f and h are not unique. They may be chosen, however, so that h f h −1 (v ×I ) = Av ×I where A :Ñ →Ñ is a hyperbolic Lie group automorphism. As A fixes the identity element of the Lie group, there is a center leaf mapped to itself by f . Let L denote this leaf. As L is homeomorphic to R, assume there is an ordering on the points of L and define open intervals (a, b) ⊂ L for a, b ∈ L and suprema sup X for subsets X ⊂ L exactly as for R.
Define a closed subset Λ = {t ∈ L : AC (t ) is not open}.
Lemma 6.4. Λ is non-empty.
Proof. AsM is connected, if all accessibility classes were open, f would be accessible (both onM andM ). Therefore, there is at least one non-open accessibility class. By global product structure, this class intersects L.
This is an adaptation to the case of global product structure of local arguments used in the proof of (6.2).
Proof. Each center leaf inM is of the form
See Figure 2 . These points depend continuously on v. AsÑ is connected, the set
is connected and, by (6.2), has empty interior as a subset of L. 
Let α :M →M be a deck transformation of the coveringM →M . Then, as depicted in Figure 1 , α defines a map g α ∈ Homeo + (Λ) given by the restriction of R • α to Λ. Define
Lemma 6.6. G is a finitely generated, nilpotent subgroup of Homeo + (Λ).
Proof. For α ∈ π 1 (M ) and t ∈ Λ, g α (t ) is given by the unique intersection of α(AC (t )) and L. Then,
shows that π 1 (M ) → Homeo + (Λ), α → g α is a group homomorphism. AsM is homotopy equivalent to the nilmanifold N , its fundamental group is finitely generated and nilpotent.
It is necessary to define G with elements in Homeo + (Λ) as, in general, the same construction on L will define a subset of Homeo + (L) but not a subgroup.
Lemma 6.7. For a point t ∈ Λ, AC (t ) ⊂M projects to a compact us-leaf inM if and only if t ∈ Fix(G).
Proof. Consider t ∈ Λ and letX ⊂M be the image of AC (t ) by the coveringM →M . First, suppose t ∈ Fix(G). By global product structure, there is a unique map σ :
which implies that ασ = σα N where α N is the corresponding deck transformation for the coveringÑ → N . It follows that σ quotients to a homeomorphism from the compact nilmanifold N toX and thereforeX is compact. To prove the converse, supposeX is compact. From the definition of an AI-system, one can see that every center leaf onM is properly embedded. Therefore,X intersects each center leaf in a compact set. IfX is the pre-image ofX by coveringM →M , theñ X intersects each center leaf onM in a compact set. In particular,X ∩ L is compact.
Note thatX ∩ L is exactly equal to the orbit G t = {g (t ) : g ∈ G}. Define s = supG t . Then, s ∈ G t by compactness and g (G t ) = G t implies g (s) = s for each g ∈ G. This shows that {s} = G s = G t and therefore t = s ∈ Fix(G).
This lemma is the justification for assuming there are no invariant, compact leaves in (6.1). If such leaves exist, the AI-system can be decomposed into smaller systems.
Proof. Assume the subinterval J in the hypothesis is of the form J = (a, b) with a, b ∈ L.
Unbounded subintervals of the form (a, +∞) and (−∞, b) are handled similarly.
For every center leaf h
contains J . Therefore, AC (J ) ⊂X . By global product structure, one can show that X ⊂ AC (J ), so the two sets are equal. By its constructionX is simply connected, and invariant under deck transformations. Therefore, it is the universal cover for X . Global product structure is inheirited fromM . For instance, for x, y ∈ AC (J ), there is a unique
Compose h with a homeomorphism which maps each v × (a v , b v ) to v × (0, 1) by rescaling the second coordinate. This results in a leaf conjugacy between f onX and A × id onÑ × (0, 1) which quotients down to a leaf conjugacy from X to N × (0, 1).
We now show that if the AI-system has no fixed compact us-leaves, then it satisfies either case (2) or case (3) of (6.1) depending on whether it has any (non-fixed) compact us-leaves.
Lemma 6.9. If Fix(G) is non-empty and Fix( f ) ∩ Fix(G) is empty, then f satisfies case (2) of (6.1).
Proof. We first show that f restricted to L is fixed-point free. Suppose, instead, that
Without loss of generality, assume t < f (t ) for all t ∈ I . Choose some t 0 ∈ Fix(G) and
One can then show that the coveringM →M takes AC (L + ) to an open set V ⊂M which satisfies the second case of (6.1).
Lemma 6.10. If Fix(G) is empty, then f satisfies case (3) of (6.1).
Proof. In this case, the hypotheses of (5.5) hold with Γ = Λ. Let P : L → R and τ : G → R be as in (5.5).
If α ∈ π 1 (M) is a deck transformationM →M , then hαh −1 is equal to α N ×id onÑ ×I for some deck transformation α N ∈ π 1 (N ). As N is a nilmanifold, any homomorphism from π 1 (N ) to R defines a unique homeomorphism from the nilpotent Lie groupÑ to R [Mal51] . This implies that there is a unique Lie group homomorphism T :
Let R :M → L be the retraction defined earlier in this section and let H :M →Ñ be the composition of the leaf conjugacy h :M →Ñ × I with projection onto the first coordinate. Define
We will show that Q quotients to a functionM → R and use this to construct the semiconjugacy in the last case of (6.1). First, consider a point x ∈M which has a non-open accessibility class. Then, R(x) ∈ Λ and, for α ∈ π 1 (M ),
and
which together show Qα(x) = Q(x). Now, consider a point x ∈M which has an open accessibility class, and let J ⊂M be the connected component of W c (x) ∩ AC (x) which contains x. The set Γ 0 from (5.5) is a subset of Γ = Λ and therefore P is constant on L \ Λ. Then, P R is constant on J and, by continuity, constant on the closure of J as well. As H is constant on center leaves, Q = P R−T H is also constant on the closure of J . Let y be a point on the boundary of J . Then,
. This shows that Q quotients down to a functionQ :M → R. A much simpler argument shows that H :M →Ñ quotients down to a functionĤ :M → N . The properties of F and P in (5.5) imply that T A = λT and therefore T H f = T AH = λT H . As P R f = P f R = λP R, this shows that Q f = λQ. Then,Ĥ ×Q is desired semiconjugacy in (6.1). By (5.5), P (Λ) = R and so Λ is uncountable. Each G-orbit of Λ corresponds to a distinct us-leaf, and so there are uncountably many.
This concludes the proof of (6.1). We note one additional fact which will be used in the next section. Proof. This follows from the use of (5.5) in the previous proof.
AB-SYSTEMS
Assumption 7.1. In this section, assume f : M → M is a non-accessible AB-system.
The AB-prototype f AB has an invariant center leaf which is a circle. By the leaf conjugacy, f also has an invariant center leaf. Call this leaf S. Note that f lifts to an AIsystem. This is because the AB-prototype f AB lifts to the AI-prototype A × id on N × R. Proof. This follows from (6.11) since β andf are commuting diffeomorphisms when restricted toS and β is fixed-point free.
Lemma 7.3. For t ∈ Λ, AC (π(t )) ⊂ M is compact if and only if t ∈ Fix(G).
Proof. If t ∈ Fix(G), then, by (6.7), AC (π(t )) is covered by a compact us-leaf of the AIsystem and is therefore compact itself. Conversely, suppose t ∈ Λ is such that AC (π(t )) ⊂ M is a compact us-leaf. Note that as β(Fix(G)) = Fix(G) there are a, b ∈ Fix(G) such that a < t < b in the ordering onS. Then, G t is contained in (a, b) , a bounded subset ofS. Considering the supremum as in (6.7), one shows that s := supG t is in Fix(G). Consequently, AC (π(t )) accumulates on π(s) which, as AC (π(t )) is compact, implies π(s) ∈ AC (π(t )) and so there is a deck transformation α :M →M such that α(s) ∈ AC (t ). This implies there is k ∈ Z and g ∈ G
In this, and the next two sections, define
The last lemma shows that K = π (Fix(G) ).
Corollary 7.4. K is closed and non-empty.
This also completes the proof of (1.6).
Proof. K is non-empty, f -invariant, and closed.
Corollary 7.6. f has a compact periodic us-leaf if and only if f | S has rational rotation number.
Proof. As a consequence of (7.3), any compact us-leaf X in M intersects S in a unique point t . If f n (X ) = X then f n (t ) = t and f | S has rational rotation number. If, conversely, f | S has rational rotation number, its non-wandering set consists of periodic points, and a compact periodic leaf exists by (7.5).
The following is also from the last proof. Proof. Let φ :S → R be any homeomorphism such that φβ(t ) = φ(t ) + 1 for all t . Definẽ r as φf φ −1 . Extend φ to all ofM by making it constant on accessibility classes. As in the proof of (6.10), let H :M →Ñ be the first coordinate of the lifted leaf conjugacy h :M →Ñ × R. Then, the function H × φ :M →Ñ × R gives a topological conjugacy betweenf onM and A ×r . The fundamental group of M B is generated by deck transformations of the form
. Using the fact that Fix(G) =S and the definition ofr , one can then show that H × φ quotients down to a topological conjugacy defined from M to M B .
Lemma 7.9. Suppose J ⊂ S is an open interval such that ∂J
Proof. LetJ be a lift of J toS. Then, as f (J ) = J ,f (J ) = β k (J ) for some k ∈ Z. By replacing the liftf byf β k , assume, without loss of generality thatf (J )
, and so by (6.8), AC (J) projects to X onM such that the dynamics on X is an AI-system. AsJ is contained in a fundamental domain of the coveringS → S, one can show that X is contained in a fundamental domain of the coveringM → M. Therefore, the dynamics on π(AC (J)) = AC (J ) is an AI-system.
We now give a C 0 version of (4.3). Proof. Define p on S so that p| S maps S to S 1 with constant speed along S. Extend p to AC (K ) ∪ S by making p constant on accessibility classes. Then, for any center leaf W c (x), let J be a connected component of W c (x)\ AC (K ) and define p on J so that it J is mapped at constant speed to S 1 and extends continuously to the boundary ∂J ⊂ AC (K ).
Transversality of the center foliation and us-lamination implies that p is continuous and the other properties are easily verified.
Compare this short C 0 proof to the C 1 proof in Section 11.
We now consider the cases of rational and irrational rotation of f | S separately in the next two sections.
RATIONAL ROTATION
This section proves (1.7).
Assumption 8.1. Assume f is a non-accessible AB-system with at least one periodic compact us-leaf.
Let S, K , and other objects be defined as in Section 7. By (7.7), all compact periodic leaves have the same period. Call this period n.
K n is closed. Let p : M → S 1 be the projection given by (7.10) and define U ⊂ S 1 as
Note that if t ∉ U , then p −1 (t ) is an f n -invariant compact us-leaf. Moreover, every such leaf is of this form. This proves the first part of (1.7).
To prove the rest of the theorem, replace f by its iterate f n and assume n = 1. The new f is still an AB-system, albeit with a different "A" than before. Now K n = Fix( f )∩K ⊂ S. If I is a connected component of U ⊂ S 1 , then p −1 (I )∩S is a connected component of S\K 1 and (7.9) implies that f restricted to p −1 (I ) = AC (π(J )) is an AI-system. Since J ∩K n is empty, AC (J ) contains no invariant compact us-leaves. Therefore, the AI-system falls into one of the cases given in (6.1). As these cases correspond exactly to those given in (1.7), this concludes the proof.
IRRATIONAL ROTATION
This section proves (1.8) and (1.9).
Assumption 9.1. Assume f is a non-accessible AB-system with no periodic compact usleaves.
Let S, K and other objects be defined as in Section 7. By (7.6), f | S has irrational rotation number.
Proof. For any C 1 circle diffeomorphism with irrational rotation, the non-wandering set is minimal. The result then follows from (7.5).
Lemma 9.3. If I is a connected component of S
Proof. Let J be the closure of I . Note that any compact leaf in AC (J ) must be of the form AC (t ) for some t ∈ J . By the properties of circle diffeomorphisms, the sets f k (J ) are pairwise disjoint. By the last lemma, ∂J ⊂ K . If AC (J ) intersects AC ( f k (J )), then this intersection has a boundary consisting of compact us-leaves. Such a compact leaf would intersect S in a point t ∈ J ∩ f k (J ), a contradiction.
Proof. The last lemma shows
To prove the other inclusion, suppose t ∈ NW ( f | S ), x ∈ AC (t ) and V ⊂ M is a neighbourhood of x. There is a sequence {n k } such that f n k (t ) converges to t . By taking a further subsequence, assume f n k (x) converges to some point y ∈ AC (t ). Let D ⊂ V be a small unstable plaque containing x. Then f n k (D) is a sequence of ever larger unstable plaques, and
Unstable leaves of the Anosov diffeomorphism A are dense in N [Fra70] . Therefore, by the leaf conjugacy, W u (y) is dense in AC (t ). This shows that some iterate f n k (V )
intersects V . Now, let p : M → S 1 be as in (7.10). We may assume p| S is a C 1 -diffeomorphism.
Define r : S 1 → S 1 by r p(t ) = p f (t ) for all t ∈ S. Then, (1.8) can be proved from the above lemmas. As r has irrational rotation number, it is semiconjugate to a rigid rotation t → t + θ. Using this and the leaf conjugacy, one can prove (1.9) using an argument similar to the proof of (7.8).
10. PROVING THEOREMS (1.2), (1.4), AND (1.5)
This section gives the proofs of several of the theorems stated in Section 1 based on results proved in other sections.
The proof of (1.5) makes use of a result of Brin regarding transitivity [Bri75] . The following is an extension of this result to the non-compact case, though the proof is in essence the same.
Proposition 10.1 (Brin). Suppose f is a partially hyperbolic diffeomorphism of a (not necessarily compact) manifold M. If V is open and f
In
particular, if f is accessible and NW ( f ) = M, then f is transitive.
Proof. For ǫ > 0 and y ∈ M, let W u ǫ (y) be the set of all points reachable from y by a path tangent to E u of length less than ǫ. If x ∈ V , then x ∈ NW ( f ) implies there are sequences {x k } and {y k } both converging to x and such that y k = f j k (x k ) for some non-zero j k ∈ Z. By swapping x k with y k if necessary, assume every j k is positive. If j k is bounded, then x is periodic, so we may freely assume that j k → +∞. Proof of (1.5). By (10.1), any accessible f satisfies case (1) of (1.5). Therefore, assume that f is non-accessible.
For now, assume f has no periodic compact us-leaves, so that (1.8) holds. That theorem, with the assumption NW ( f ) = M, implies that NW (r ) = S 1 and that every point in M lies in a compact us-leaf. This shows that (7.8) holds and the r in that lemma can be taken as the same r in (1.8). As NW (r ) = S 1 , r is topologically conjugate to a rigid rotation t → t + θ and therefore f satisfies case (2) of (1.5).
For the remainder of the proof, assume f has a periodic compact us-leaf, so that (1.7) holds. Let I be a connected component of U and g : p −1 (I ) → p −1 (I ) be as in (1.7). The
. This is only possible in the first of the three cases in (1.7), where g is accessible. Then, g is transitive by (10.1).
If t ∈ S 1 \ U , then f n restricted to p −1 (I ) is topologically conjugate to a hyperbolic nilmanifold automorphism and is therefore transitive [Fra70] . Hence, if U is non-empty, the third case of (1.5) is satisfied. If U is empty, then every p −1 (t ) is an f n -invariant compact us-leaf and (7.8) holds
with r : S 1 → S 1 topologically conjugate to a rigid rational rotation t → t +θ. This shows that f is in case (2) of (1.5).
To prove ergodicity of the components of the decomposition given in (1.4), we use results given in [BW10] , [HHU08a] , and in the classical work of Birkhoff and Hopf. These results were formulated for systems on compact manifolds, but the proofs are local in nature, involving short holonomies along stable and unstable manifolds. The results, therefore, generalize to the non-compact case so long as the measure is still finite.
Proposition 10.2. Let f be a homeomorphism of a (not necessarily compact) manifold M and let C 0 (M) be the space of continuous functions M → R with compact support. Suppose µ is an invariant measure with µ(M) = 1 and there is an invariant closed submanifold S such that µ is equivalent to Lebesgue measure on S.
(1) For φ ∈ C 0 (M) the limits
exist and are equal µ-almost everywhere.
(2) There is a countable set {φ j } 
then there is X ⊂ M measurable such that
Proof. Item (1) is a re-statement of the classic Birkhoff Ergodic Theorem.
To prove (2), let {φ j } be a countable set whose linear span is dense in C 0 (M) with respect to the supremum norm. As any function in C 0 (S) may be extended to a function in C 0 (M), the linear span of {φ j } is dense in L 1 (µ). Suppose the bounded linear operator φ → φ s on L 1 (µ) takes every element of {φ j } to the subspace of constant functions. By density, every φ ∈ L 1 (µ) is mapped to the same subspace. Therefore ( f , µ) is ergodic.
The converse statement in (2) follows directly from the properties of ergodicity. Proofs of (3)-(5) can be found in both [BW10] and [HHU08a] .
Proof of (1.4). As µ is a finite, f -invariant measure which is equivalent to Lebesgue, NW ( f ) = M by Poincaré recurrence. Let p, n, and U then be given as in (1.5). By be as in (10.2) and for j ∈ N and q ∈ Q define X s j ,q
similarly. By items (3) and (4) of (10.2), there is X j ,q = AC (X j ,q ) equal mod zero to both X s j ,q and X u j ,q . Define a "bad" set Y by
and note that µ(Y ) = 0. Equation (1.3) implies that there is a "good" set Z ⊂ S 1 \U such that U ∪ Z has full measure in S 1 and µ t (Y ∩ p −1 (t )) = 0 for all t ∈ Z where µ t is given by the decomposition in (1.3). By (4.3), we may further assume that µ t is equivalent to Lebesgue measure on π −1 (t ) for all t ∈ Z .
As p −1 (t ) is an accessibility class, every X j ,q ∩ p −1 (t ) is either empty or all of p −1 (t ).
Therefore for t ∈ Z , every X s j ,q and X u j ,q either has µ t -measure equal to zero or one, and item (2) of (10.2) implies that ( f , µ t ) is ergodic. Thus, modulo a set of measures whose combined support has µ-measure zero, every measure in (1.3) is ergodic. This shows that (1.3) is the ergodic decomposition of µ.
One might be tempted to prove (1.4) by arguing that for t ∉ U , f restricted to p −1 (t )
is an Anosov diffeomorphism and therefore the invariant measure µ t is ergodic. The problem is that we have only shown that p −1 (t ) is a C 1 submanifold of M, which is not enough regularity to conclude ergodicity for an Anosov system. Hence, the above proof.
Proof of (1.2). If f is in case (1) or (3) of (1.5), it is fairly easy to show that f is also in the corresponding case of (1.2). Therefore, assume f is in case (2) of (1.5). If θ is rational, then (v, t ) → (Av, t +θ) is non-transitive and therefore f is not ergodic. Suppose θ is irrational and f is not ergodic. Then there are j ∈ N and q ∈ Q such that the sets X s j ,q , X u j ,q , and X j ,q , defined as in the last proof, have neither zero measure nor full measure with respect to the f -invariant measure µ. Write X = X j ,q . As X = AC (X ), there is Y ⊂ S 1 such that X = p −1 (Y ) and p * µ = m implies that m(Y ) is neither zero nor one. The condition p * µ = m further implies that p gives a semiconjugacy from f to a rigid irrational rotation
contradicts the ergodicity of (R θ , m).
REGULARITY
This section proves (1.10), showing that the us-lamination of a partially hyperbolic diffeomorphism is C 1 if the center is one-dimensional and the diffeomorphism is C 2 . Proof. That such a holonomy is C 1 is proved in an erratum [PSW00] to the paper [PSW97] .
If y ∈ W u (x) and h is the holonomy taking x to y, then adapting the argument in §3 of [PS72] one can show that the norm of the derivative of h at x is given by
is the restriction of the derivative T z f :
As f is C 2 , the derivative T z f is Lipschitz in z and the center bundle E c is Holder by [HPS77] .
Therefore,
for appropriate constants L,C , µ, > 1 and 0 < θ < 1. This shows that J x y tends uniformly to one as dist(x, y) tends to zero. 
where L is the center segment through x, σ is the us-plaque through x, and σ n are usplaques converging to σ. By (11.1), this limit exists, is independent of the sequence σ n tending to σ, and is non-zero. The C 1 regularity of the holonomies also implies that if ρ n is another sequence of us-plaques converging to σ, then Define the function R :
To apply Whitney's extension theorem, one needs to show that for any two sequences {x n } ∞ n=1 and {y n } ∞ n=1 with x n − y n converging to zero, the sequence R(x n , y n ) also converges to zero. If this does not hold, there are sequences {x n } and {y n } so that R(x n , y n ) is bounded away from zero. Therefore, without loss of generality, one may replace these sequences by subsequences and assume x n and y n both converge to a point q ∈ C . We will also restrict to further subsequences as necessary later in the proof.
We prove the convergence in progressively more general cases. Case 1. First, assume x n , y n , and q are all on the same center segment L = L 0 . Let σ n , ρ n and σ be such that
If σ ∉ Σ ′ , then x n = y n = q for large n. Therefore, assume σ ∈ Σ ′ . Then,
As both the candidate derivative d g x and the center direction v c x are continuous in x,
Case 2. Now, consider the case where, x n and y n are on the same center segment L n for each n. Define x c n to be on the same us-plaque as x n and the same center segment as q. Define y c n similarly. Then, Thus,
where the last equality is by the previous case. As before,
and therefore lim n→∞ R(x n , y n ) = 0. Case 3. Now consider x n and z n as general sequences in Σ converging to q. Define y n as the unique point lying on the same center segment as x n and the same us-plaque as z n . By taking subsequences, assume lim n→∞ z n − y n z n − y n exists. By continuity of the partially hyperbolic splitting, this limit is in E u q ⊕ E s q . Therefore,
By transversality of the foliations, there is a constant c 1 > 0 such that z n − x n ≥ c 1 z n − y n and therefore
as well. Again by transversality, there is c 2 > 0 such that z n − x n ≥ c 2 y n − x n and therefore by the previous case
Added together, these limits show that lim n→∞ R(x n , z n ) = 0. Case 4. Now consider the case where x n ∈ L 0 and z n ∈ Σ for all n. Define y n from x n and z n exactly as in the last case. Then,
and, similar to the previous case, both summands can be shown to converge to zero. The case x n ∈ Σ and z n ∈ L 0 is almost identical. Case 5. If both {x n } and {z n } are in L 0 , then lim n→∞ R(x n , z n ) = 0 simply by the fact that g is C 1 when restricted to L 0 .
The general case. The final case to consider is where {x n } and {z n } are general sequences in X = Σ ∪ L 0 . By taking subsequences, one can assume each sequence lies either entirely in L 0 or entirely in Σ and therefore reduce to a previous case.
We now prove the following restatement of (1.10). Proof. Define a coordinate chart φ×ψ : V → R×R d −1 such that the kernel of the deriva-
. By (11.2), after replacing V by a subset, there is a C 1 function g : V → R constant on us-plaques and such that g and φ are equal on a center segment through x. Then, the derivative of g × ψ is invertible at x and so, after again replacing V by a subset, g × ψ is the desired C 1 embedding.
We now proceed to prove (4.3). Recall the definition of an AI-system from Section 6. In this context, a center segment is a connected component of the intersection of V with a center leaf.
Proof. There is a neighbourhood V of X such that inside V each center segment intersects each compact us-leaf in a unique point. Therefore, the proofs of the previous results of this section hold as before with compact us-leaves now filling the role of usplaques. This gives the existence of p and ψ.
As the function D is positive in the proof of (11.2), for x ∈ X and unit vector
By continuity, this property holds for all x in a neighbourhood of X and so, by replacing V by a subset, the restriction of p to any center segment L has non-zero derivative along all of L.
As it is a local result, (11.4) also holds for a compact us-leaf in an AB-system instead of an AI-system. To go from the local to the global requires a technical lemma which "fills in the gaps" between compact us-leaves.
Lemma 11.5. Let N be a C 1 manifold, and for
If there are ǫ > 0 and a C
, and
Proof. Pick δ > 0 small enough that there is a continuous function h 0 :
which for each x ∈ N satisfies the following properties: Corollary 11.7. In the setting of (11.6), if L ⊂M is a center leaf, then p and r may be
Proof. Take J ⊂ L in the previous proof.
Corollary 11.8. In the setting of (11.6), if µ is a probability measure given by a C 1 volume form on AC (J ), then p may be chosen so that p * µ is Lebesgue measure on [0, 1].
where m N × m is the product of the Lebesgue measures on N and [0, 1].
is continuous and positive, showing that h is a C 1 diffeomorphism. Replacing p with the composition hp, the result is proved.
If the density ρ in the previous proof is merely C 0 , one can still reparameterize p so that p * µ = m. However, p may not be C 1 after this reparameterization.
Proof of (4.3). As noted in Section 7, every AB-system f : M → M lifts to an AI-system f :M →M . Moreover, if the AB-system has a compact us-leaf, the coveringM → M has a fundamental domain which is bounded between two compact leaves AC (x) and β(AC (x)) where β is the deck transformation defined in Section 7. Then, (11.6) applies where the region AC (J ) is exactly this fundamental domain and therefore, there is a C 1 surjection p : AC (J ) → [0, 1]. Moreover, the candidate derivative in the application of Whitney's extension theorem may be chosen so that it agrees on AC (x) and β(AC (x)). Then, p quotients down to a C 1 function M → S 1 as desired.
The other statements in (4.3) follow from the above two corollaries.
SKEW PRODUCTS
This sections proves (3.3) showing that non-accessible skew products have trivial fiber bundles.
Proof of (3.3). As the base map A has a fixed point, there is a fiber S such that f (S) = S.
By replacing f by f 2 if necessary, assume f preserves the orientation of S. As π 2 (N ) is trivial (see, for instance, [Fra70] ), the long exact sequence of fiber bundles gives a short exact sequence 0 → Z → G → H → 0 where Z = π 1 (S), G = π 1 (M), and H = π 1 (N ). By naturality, f induces the commutative diagram
As can be shown for any circle bundle with oriented fibers, the subgroup Z is contained in the center of G. In this case, as H = G/Z is nilpotent, G is then also nilpotent.
Skew products have global product structure. The proof is similar to that given for AB-systems in Section 14 and we leave the details to the reader. Similar to the case for AB-systems, we may then consider the universal coverM of M, a topological lineS ⊂M which covers S, and a liftf :M →M such thatf (S) =S. Let Λ ⊂S be the set of all points t ∈M such that AC (t ) is not open. Then G induces an action on Λ.
Let z be a non-trivial element of Z . Then z may be regarded as a fixed-point free homeomorphism ofS. By (5.1) and (5.2), there is a homomorphism τ :
Since, f * (z) = z, this implies that λ equals one. By rescaling τ, assume τ(Z ) = Z. Then, τ : G → R quotients to a homomorphismτ : H → R/Z andτA * =τ.
As A is hyperbolic, A * has no non-trivial fixed points and, by (5.4), no non-trivial fixed cosets. As all of the cosets of kerτ are fixed by A * , it follows thatτ = 0. That is, τ(G) = Z. One can then define a map which takes each g ∈ G to the unique z ∈ Z such that τ(g ) = τ(z). This shows that the exact sequence 0 → Z → G → H → 0 splits. Then, G is isomorphic to H × Z and the bundle is trivial.
In fact, one can find a compact us-leaf directly. Viewing H now as a subgroup of G equal to the kernel of τ, choose a point x ∈S and define y = sup g ∈H g (x). Then, with µ as in (5.1), µ[x, y) = 0 which implies y < +∞. In other words, y is a well-defined point iñ S. Since y is in Fix(H ) it projects to a point in M contained in a compact us-leaf.
INFRA-AB-SYSTEMS
We now consider infra-AB-systems as defined in Section 1. Here, the components ζ I and ζ t of the decomposition are defined analogously to (1.3).
Proof. Let π : M 0 → M be the finite covering and f an AB-system such that π f = f m 0 π for some m ≥ 1. Then, ζ lifts to a measure µ on M which (up to rescaling the measure so that µ(M) = 1) satisfies the hypotheses of (1.4). If ζ t is a component of the decomposition (13.3), then its support is a single accessibility class X 0 . If X is a connected component of π −1 (X 0 ) ⊂ M, then there is an ergodic component ( f n , µ t ) of ( f n , µ) where µ t is supported on X and such that π * µ t (up to rescaling) is equal to ζ t . Ergodicity of ( f mn 0 , ζ t ) then follows from the ergodicity of ( f n , µ t ). Ergodicity of components of the form ζ I can be proven similarly.
The theorems in Section 1 concerning non-conservative AB-systems may also be generalized using techniques similar to those in the proof of (13.1) below. In the interests of brevity, we leave the statements and proofs of these other results to the reader. The following two known results about functions on infranilmanifolds will be useful. As φ * A * = A * φ * , the uniqueness given in [Mal51] entails that φA = Aφ as functions on N . As N is aspherical, φ is homotopic to B. Then, using that A is a π 1 -diffeomorphism as defined in [Fra70] , it follows that φ and B are equal. Now suppose N 0 is an infranilmanifold. By (13.4), there is a nilmanifold N and a normal finite covering N → N 0 such that both A and B lift to functions N → N . By abuse of notation, we still call these functions A and B. As the covering is finite, there is j ≥ 1 such that A j γ = γA j for every deck transformation γ. In particular, there is a deck
all k ∈ Z, and, taking k ≥ 1 such that γ k is the identity, A j k commutes with B and the problem reduces to the previous case. For now, make the following additional assumptions, which will be removed later.
Assumption 13.8. Assume until the end of the proof of (13.10) that
• E c on M 0 is orientable;
• f 0 preserves the orientation of E c ; and
By the assumption m = 1, both f 0 and f can be lifted to the same mapf on the universal coverM .
As f is an AB-system defined by nilmanifold automorphisms A, B : N → N , there is a map H :M →Ñ whose fibers are the center leaves of f and whereÑ is the universal cover of N and therefore a nilpotent Lie group. Further, A lifts to a hyperbolic automorphism ofÑ , which we also denote by A, and the leaf conjugacy implies that Hf = AH . DefineS = H −1 ({0}) where 0 is the identity element of the Lie group. ThenS is añ f -invariant center leaf which covers a circle S ⊂ M and S further covers a circle S 0 ⊂ M 0 .
By (1.2), there is a C 1 surjection p : M → S 1 and a constant θ ∈ S 1 such that if x ∈ M has non-open accessibility class AC (x) then p is constant on AC (x) and p f (x) = p(x) + θ. By (4.3), assume p restricted to S is a C 1 diffeomorphism. Using p and the covering
It follows that if x 0 ∈ M 0 has non-open accessibility class AC (x 0 ) then q is constant on AC (x 0 ) and q f 0 (x 0 ) = q(x 0 ) + θd where d is degree of the covering. Further, q restricted to S 0 is a C 1 covering from S 0 to S 1 (though not necessarily of degree d). After lifting q to a mapq :M → R, there is a homomorphism q * : π 1 (M 0 ) → Z such thatqγ(x) = q(x) + q * (γ) for everyx ∈M and deck transformation γ ∈ π 1 (M 0 ).
As the deck transformations preserve the lifted center foliation, for each γ ∈ π 1 (M 0 ), there is a unique homeomorphism B γ :Ñ →Ñ such that H γ = B γ H . Lemma 13.9. B γ ∈ Aff(Ñ ) for all γ ∈ π 1 (M 0 ).
Proof. We may view π 1 (M) as a finite index subgroup of π 1 (M 0 ). The definition of an AB-system implies that B γ ∈ Aff(Ñ ) for all γ ∈ π 1 (M). Now consider the subgroups K 3 < K 2 < K 1 < π 1 (M 0 ) defined as follows:
K 1 is the kernel of q * ,
By its definition, K 3 is a normal finite index subgroup of K 1 . The liftf of f 0 induces a homomorphism f * :
for allx ∈M with non-open accessibility class. This implies that f * (K 1 ) = K 1 . From this, one can show that f * (K 2 ) = K 2 and therefore f * (K 3 ) = K 3 . Note that N 3 :=Ñ /{B γ : γ ∈ K 3 } is a nilmanifold (which finitely covers the original nilmanifold N ), and the hyperbolic Lie group automorphism A :Ñ →Ñ descends to an Anosov diffeomorphism on N 3 .
Suppose γ ∈ K 1 . As f * permutes the cosets of K 3 , there is j ≥ 1 such that f j * (γ)K 3 = γK 3 . This implies that A j and B γ descend to commuting diffeomorphisms on N 3 . Then, by (13.5), B γ is affine. Thus, we have established the desired result for all γ ∈ K 1 , and further shown that N 1 :=Ñ /{B γ : γ ∈ K 1 } is an infranilmanifold (finitely covered by the original nilmanifold N ). Now suppose γ ∈ π 1 (M 0 ) is an arbitrary deck transformation. Thenqf γf −1 γ −1 (x) = q(x) for allx ∈M with non-open accessibility class. This implies that f * (γ)K 1 = γK 1 .
and so A and B γ descend to commuting diffeomorphisms on N 1 . As A is hyperbolic, B γ ∈ Aff(Ñ ) by (13.5). If f is accessible, then clearly f 0 is accessible. Therefore to prove (13.1), it is enough to consider f in cases (2) and (3) of (1.2).
Proposition 13.10. If f is in case (3) of (1.2) and f 0 satisfies assumption (13.8), then f 0 is in case (3) of (13.1).
Proof. By replacing f 0 , f , andf by iterates, assume n = 1 in (1.2) and that the liftf was chosen so thatf (X ) =X for every accessibility classX ⊂M .
The image of q * is equal to ℓZ for some ℓ ≥ 1. Thenp 0 := 1 ℓq quotients to a function p 0 : M 0 → S 1 . As the original p : M → S 1 was C 1 , the functions q,q,p 0 , and p are also C 1 . Also, p 0 is constant on compact us-leaves and its restriction to S 0 is a C 1 covering.
If, for some t ∈ S 1 , X 0 and Y 0 are compact us-leaves in the pre-image p This shows that f 0 satisfies case (3) of (13.1).
We now remove the additional assumptions above and show that this result still holds.
Proposition 13.11. If f is in case (3) of (1.2) and f 0 does not satisfy assumption (13.8), then f 0 is in case (3) of (13.1).
Proof. In case (3) of (13.1), we are free to replace f 0 by an iterate. By replacing f 0 by f m 0 , one can assume m = 1. That is, π f = f 0 π. By replacing f 0 by f 2 0 , one can assume f 0 preserves the orientation of any orientable bundle. Thus, the only condition to test is when E c is non-orientable.
Any non-orientable bundle on a manifold lifts to an orientable bundle on a double cover and any bundle-preserving diffeomorphism lifts as well. Therefore, we are free to consider the following situation. As before, E c is orientable and f 0 preserves the orientation, but now there is an involution τ : M 0 → M 0 , such that τ reverses the orientation of E c and τ commutes with f 0 . As a consequence of this commutativity, τ preserves the partially hyperbolic splitting of f 0 . Choose a continuous function p 1 :
As τ 2 is the identity, p 1 τ(x) = −p 1 (x) and so p 1 de-
Since S 1 → S 1 , x → −x has two fixed points, one can show that τ fixes exactly two accessibility classes on M 0 . Let X 0 be one of these two classes, and lift τ and X 0 to the universal cover to getX andτ such thatτ(X ) =X . As f and τ commute, it follows from an adaptation of (13.9) that Bτ ∈ Aff(Ñ ). If X 0 is compact, then X 0 /τ is homeomorphic to an infranilmanifold. If instead X 0 is open, then X 0 is an I-bundle over N 0 where the fibers are center segments, and τ reverses the orientation of these fibers. Therefore, X 0 /τ is a twisted I-bundle over an infranilmanifold.
This shows that case (3) holds for the quotient of f 0 to M 0 /τ where p 0 and U ⊂ S 1 are replaced by p 2 and U /Z 2 ⊂ S 1 /Z 2 .
Now consider the situation where f is in case (2) of (1.2). The following proposition shows that f 0 is "algebraic" as stated in case (2) and concludes the proof of (13.1). Proof. This follows from the fact that for such groups, the exponential map from the Lie algebra to the Lie group is surjective [Mal51] . We now show that every AB-system has global product structure. This defines the constant C used above. For some ǫ > 0 let {x k } and {z k } be ǫ-c-pseudoorbits such that d(x k , z k ) < ǫ. By increasing ǫ and by sliding the points z k along center leaves, assume, without loss of generality, that there is a point y k for each k such that x k and y k are connected by a short unstable segment and y k and z k are connected by a short stable segment. By again increasing ǫ, one can show that {y k } is a ǫ-c-pseudoorbit. We may freely assume that the original ǫ was chosen small enough that d c ( f (x k ), x k+1 ) < ǫ 0 for all k. We will show that x 0 and y 0 lie on the same center leaf. An analogous argument holds for y 0 and z 0 which will complete the proof. 
THE DYNAMICALLY-INCOHERENT EXAMPLE
This section gives a construction of the example due to Hertz, Hertz, and Ures of a partially hyperbolic system on the 3-torus having an invariant cs-torus [HHU14] . For this specific construction, E u and E s are jointly integrable and the tangent foliation has exactly one compact leaf. The system therefore gives an example of case (3) of (1.7). We use the following to prove the example is partially hyperbolic. for all x ∈ NW ( f ) and unit vectors v *
x ∈ E * x ( * = s, c, u). Then, f is partially hyperbolic.
To prove this, note that if the above inequalities hold on NW ( f ), they also hold on a neighbourhood U of NW ( f ), and any orbit of f has a uniformly bounded number of points which lie outside of U . The details are left to the reader. Now, we return to constructing the example on T 3 . The example has a linear stable bundle, so we first consider dynamics in dimension two. Define λ = For a homeomorphism f : M → M, a Borel measure µ is invariant if µ(X ) = µ( f (X )) for every measurable set X ⊂ M. The pair ( f , µ) is ergodic if µ is f -invariant and either µ(X ) = 0 or µ(X ) = 1 for every f -invariant measurable X ⊂ M. We often write that f is ergodic or µ is ergodic if the context is clear. A homeomorphism f is conservative if it has an invariant measure given by a smooth volume form on M.
IfÑ is a simply connected nilpotent Lie group and Γ is a discrete subgroup such that N :=Ñ /Γ is a compact manifold, then N is called a (compact) nilmanifold [Mal51] . 
